Notes on the Nature of the Forces which give rise
o to the Edarthquake Motions,

HIROSHI NAKANO.

, m_. Introduction.

The existence of a certain 3@::5? in the distribution of the senscs of the first
movements of an carthquake was first discovered by Prof, Shida. He found that the
region distwbed s divided into four parts by the two lincs intersccting at
the epicentre, in the opposite two of which the scases of the initial motions are
outward, and in the other two they arc inward. Then, Dr. S. T. Nakamura® of this

observatory proceeded to make a rescarch in the same line and gave numerous

examples. He also detected that, besides the case mentioned above, there is another

onc in which the disturbed region s composed of two parts, mm@&i& by a line, on
one side of which the outward initial shocks dominate and on the other side the
inward oncs. It will be of some interest to scismologists if we may get any
information about the forces generating an earthquake from the observed facts just
described. The possibility of it has been suggested by G. W. Walker in his book

** Modern Seismology.” The object of this note is to make a discussion about some

simple ideal cascs from the dynamical standpoint.

As for the clastic propertics the interior of the carth is not homogencous, as
shown by, Wiechert and others, and the heterogencity of the exterior parts may be
inferred from the complexity of its geological structure. . These conditions greatly
affect the propagations of scismic waves. So we must take the rnﬁmo_omgm_q of
the earth into consideration in such research as here’ atrempted. But, as our object
is to give a rough sketch of the cfiects of various forces acting at the sources,
we assume that the earth is a homogeneous and isotropic body. O.m:numn,m success
in determining the seismic centre from the seismograms taken at a single station and
the facts mentioned above seems to justify this supposition for a teniative v:io%.
The dispcrsion, absorption, and scattering of the seismic waves are sure to modify
the results in some degrees, but these are also neglected on the same account in the
present investigation. For the consideration of the cases of near earthquakes the
carth’s surface may be taken as a plane : the investigations of the modifications due

1} 8. T. Nakamure, On ths Direction of the First Movement of the Earthquake. Jour, Met, Soc,
paJan, 47st Year, No, 2, pp. i~10. Also, This Dulletin, <a~. 1, N, 1, p, 43 & Vol. 1, No, 2, p. 69,
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to the free surface are postponed for the future With those of some of the complica-
tions described above, .

§2. m*monnm cm a m.zmrw 19.3 acting at a m.o:._n
in an Infinite Elastic Solid.

méwvao a homogencous, isotropic, clastic medium extended mnmnwﬁoqm and leta

single periodic force w_ni act in the positive direction of X-axis at a point which is
taken as the origin.  Then the &%Eno:ﬁ? b at the point, @, y, 2, is given by®
D=DP+10P, iiiiiiiinin e (1)
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©, ¥, 2, the Cartesian coordinates of a point,
ra= +/a* + y*+ 4, the radial distance from the orgin,
t, the time,
1 2#= times frequency,
m the &mzmi\ of the medium,
a, the velocity of the condensational wave, and
b, the velocity of the distortional wave.
a and b arc expressed by means of Lame's constants A, ¢ and the density p as

au/\\:.mw.
)
b=
4

1 r .
g —m— - . o . 2.
L iA ' v and £ uA uv satisly the wave cquations .mlvmn. =@ VY and lw%..
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=%, respectively and so, (1) may be written in the form

1) Stokes, On the Uvﬁna:nn_ Theory cf Diffractions, Math. and FPhys. Papers. Vol, if, p. 276.

Love, Mathematical Theory of Elasticity, 4th, Ed., p. 309. -
Lamb, Pbil. Trans, Roy. Soc. London. A, Vel, 203, 1904. ERIRRY
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If we put -
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then b is given by
_ =T @+ +DBs oo (B)
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where

B, =B, =0.

When the force is directed in the direction,.whose direction cosines are i, m,n,
the displacement is given by an extension of the above results; i, e.,

b=V +4)4+D,
where
iR )
§m B (1Z4m2 n2) -8 Lo
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Here {, j, t denote unit vectors in the positive @-, ¥, 2- directions respectively.
.Hrn movements of the styles of a seismometer are due to the acceleration § of
the earth’s crust; therefore we take the latter for the following discussion, 8is given by

.U.nll“.dﬁﬁx—l&\Vlwn.m-wv,.-r.Jyuaeo'.ua..c-.-.,.-:o-...o.-.:.-:-..:,-o.a:ﬁ“w
where ‘ o,
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When the force o&m:mﬁ with the time as W\.S instead of wac.... we use Fourier’s
theorem,
. , = Is \ e*idp ,\. Fihe-maz,
and have
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" The ¢, &', B of the last expression are Qmo_.nmﬂ ».39 m:umn ur.nm&. _given and

as follows,®
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From these equations, it will be seen that B is divided into two parts, i. e,
b,=v¢and b,= V¢ +DB. The former represents the disturbances which propagate
spherically with the velocity a and corresponds to the first, preliminary tremors of an
earthquakes, and the latter is the same with the velocity b and is appropriate to the
secondary preliminary tremors.

as

First we consider b,=V.¢.

Now .
.vu%a. ~l+§|mm+s%m%~¢”ﬂv.
o, o
I....Ala.wn:a.vﬁwta;\?% v‘_. A ~ avwv

1) Here and in the following, it is assumed that f(¢) and a ::Bvun of 5 successive nonisccna are
continuous and may be expressed by Fourier's integrals, N - .
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Suppose .
=0, - for ¢<0,
=i, n=>0, for ISise

and for t=e, it may have any form mm&m@.nm the conditions of Fourier’s theorem.
Then, the ratio of the two terms in the last parenthesis of the last expression for & is,

N
EE

Hence for QA_WI..H.A& we have
a
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Thus, if !.IVL or, as u is finite if 0<é— - <e<e" the second term
a a
may be :mmru.nn& compared with the first. We have
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For the object of investigating the first movement of the fisst preliminary tremors
only, this is sufficient. The duration of the movements to be taken must be small
compared with the time used by the disturbance to arrive at the station. Thus neg-
lecting the infinitesimal terms of higher orders, we have
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From these equations, it Is seen that

or; the D, is in the radial direction. R o
‘By similar processes, we have . I . .
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HS:EE%SU g each member of the right-handed side o». the last proportionality by
#, y, z respectively, we have

-

{le+my + nae—Irt}z+ ??+§\+§EI3&¥+ {Ua+my +ngz—nrilz=0

By this, §, is shown to be tangential.

These results :5< hold good also for the case f(f)=e™, if 2L oo .w LIS O
a g

if the distance be very great compared with the wave-lengths.

§3. The Cases of the Complex Forces.
(i) Uo:En forces.  Let the force Rf(£) act at the mxcma—q of a small line
clement 2% 3 ® from the origin, whose direction cosines are (3, g, v), then the accelera-

tion at the point , y, z is given by

$_9b,8s_9b 55 Ob s

T e T Ve (18)

bz 2 % 2 2= 2
where § is given by (g).
The effect of a similar force of the opposite ‘va_mmA acting at the end of 5
directed to (-4, -y, -v), is given by

A o g1 +.m.w\.wm+@‘ue.mlav P ORPRRRR ¢ 13\

The resultant effect of (13) and (14) is
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(A+X, p+ g, v4+) and (A7, tl«ﬂ y—) are both proportional to the direc-

tion cosincs of the bisectors of the angle between (4, g, v) and (X, &/, »). 1hese two

dircctions and the dircction of forces have the cqual relations to Ba4s and so it can be

concluded that the: detection of the direction of forces from the distribution of the
initial movements is mBmommgo‘

For the form of f(¢) given in §2, we have
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The former is radial and the latter is tangential. -

(iiiy Two double forces. In the results of (i, put i=l, u=m, v=n, we have
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In the former case, the double forces are directed outwards, and in the latter

case, they are inward. . The resultants of the two are given by
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From (23), it is seen that, in this case, (&, m,w) and (I, m’, ') can be determined
by the observation of the distribution of §, alone.

§4. Distributions on the Plane z=7: Special Cases.

Now we will consider the distributions of 8. and §; on the plane 7= f, which is
taken to be the carth’s surface. f is the depth of the seismic centre. 8. and §,,
which were given in the above, are accelerations at a point in an infinite solid. . The
actual accelerations which are obtained from the seismographic data are those at the
free surface ; and so must be different from those given above. The modifications
are complicated and will not be given in this note. For the case that f(t) is a simple
harmonic function, G. W. Walker®” has calculated them. His resulis may be used
in some cases, but not in all cases. They are different according as the angle
between the direction of the primary wave and that of the surface; and as for

1) G. W, Walker, Phil, Trans, Roy. Soc. London, A, Vol. 218, pp. 373—393, 1319.

1
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_considerations.

observational results at the ?.nwo:ﬁ stage of investigation.

magnitudes, we 5.3 to multiply them by a factor bétween 0 and 2 according as that
angle. They also depend on the angle between the acceleration and the surface. The
directions are changed on this account. For the present, all these are not taken into
Resides the directions and magnitudes of §, and b, the ratios of
their magnitudes are given, which have more wOmwmu.Eq to be compared with the

(i) Let a single force act at the origin in the positive direction of z-axis, then

the results may be given by putting ! =1, m=n=0, in the equations {11) and (12).

zy-plane is of course horizontal. "We have
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By using cylindrical coordinates a=w cos.¢, ¥y =wcos ¢, =72,
z =, the horizontal accelerations are given .F<
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The direction of the force is ¢ =0, ¢ being the angle between the azimuths of the
force and the radius vector from the epicentre which is the point &=y =0 in the plane
7= \., Ba 15 radial and outward when the direction of ‘the latter is near to the former

and inward when it is near to the azimuth opposite to the force. It vanishes in a

_direction perpendicular to the force. The same holds good of the radial mo:%o:nﬁ

of Bs. “Ihe tangential component of 8 is clockwise, when the radius vector from the
cpicentre is on the left-handed side of the direction of force, and counterclockwise,
when it is on the other side. In general, the tangential component is more importarit
of Bs than the radial one ;and it B.mux be said that in the distribution of b there is a
tendency of rotation through the smaller angle towards the sense of the force. (F ig.
1.)

" The vertical accelerations arc given by

(-

B F T fweosp, (27)
\\\An'hv
=B b fwa
B = pn i \88% ..... ceeeenenaa(28)

Bar is upward for the radius vector near to the sense of the jorce and downward
for that near to the opposite direction. For b, the relation is reversed,
The magnitudes of the horizontal components are

r(e-<)
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‘The comparison of the two, that is, m& at t—-" and Bax it &I.MJ is given by
. @
taking the ratio, .
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This ratio is minimum in the radial direction parallel to the force and increases
as we approach to the direction at right angles to it.
The ratio of the vertical components is simply

Bacl 8

(i) The single force is dirccted upwards, that is, to the positive sense of the
z-axis. In this case we have only to put l=m=0, n=. in (r1) and (52"

We have .
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Both are radial and do not depend on the azimuthal angle g, but their senses
arc opposite,

The vertical components are
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These also do not depend on the azimuth. They are always upward.

‘I'he ratios of 8, and B, in horizontal and vertical components arc

iboa!l_ a?

T W . . (39)
and
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Both are independent of the azimuth,

For the casc of the downward force, we have only to change the sign where it
is necessary. .
(i) Here we investigate the distribution of accelerations produced by the two
cqual horizontal forces of the opposite senses acting at the two points in a straight
line paraliel to the directions of the forces. The moment of the two forces is zero,
Taking one of the directions of the forces for the positive direction of @-axis, we have
toputl=2=1, =n=p=y=0 in the equations (17) and (18). The two forces are
directed for the outward senses. We have
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In cylindrical coordinates, the horizontal components on the plane z= farc

r-g)..
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Sa is always outward. 1t is maximum on the _..w&cm vector parallel to the forces
and vanishes in the directions perpendicular to it. The same holds good of the
radial component of §s. The tangential component has its maximum value in the
direction inclined 45° to that of the forces and vanishes in the directions both

parallel and perpendicular to the forces. (Fig. 3.}
The vertical components are
4 T hv
Rds 4 A a

Msu“waﬂnﬁ. o \anoom» ) Sosseteenesirrivansorran ooene(B39)
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Both have maximum magnitudes in the directions of the forces, and vanish in
the directions at right angles to them. .
The magnitudes of the horizontal components arc

. s\\. anlhv 4.,
Rds s A a/ .

= st
| Bl = yoon e wicosty,
Res 7 A lhv , e
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The ratio of the transverse and longitudinal disturbances is as folows. For the

horizontal components we have

[Bu| - @ v 2 g 1 7 (41)
~m.§_ @- i au_g%_ U

.::» differs only by the constant factor 2 " from the same for the case of a single
g

horziontal force. For the vertical components we have

[Belo @ e o (42)
[Ba:] O*
When the forces are directed inward, we have only to change signs in the
suitable places.
{iv) When the directions of the forces and the lines of action arc turned through

a :mr» angle, we have to put m?..l. for ¢ in (37), (38), (39) and (40). We have

. w? .\S.Aa B ..“lv
3

aw = .Nﬂ e wisin’p

5, =

Do Umm.m \.Smwlﬂl S wsin’y w

Bre HW&% \\:m.\:.ul..mvammsﬁﬁdﬂ C
Ba: = Rds \.\.\ An I.um. fwlsinlp,
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Superposing these on the results of am, we have the effects of- the equal n.o_‘nmm

acting outwardly in four directions.

R3s \\:An lhv |

dmp. ' y ,A#.v
Dar =0
or n....w.vv )
. H“m;m&..hl f A b S H
o ke 13,4 e (49)
B =0
\.\\\Anlhv
_ Rés al,. . o
Bas o peac \a., PPN (1]

S LR /T )

These do not depend on the azimuth. With a change of constant factors, it may
be considered as representing the effects of horizontal forces acting equally in all

azimuths simultaneously. For both cases the ratios are
i

1Bl_ @

= c.l. teereorcenanttarannneincennnns.ionnnnnarereneeealdT
[Ba| & w* “n
| Bl _ o _
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(v} Changing the signs of the right-hand side of the first six equations of

(iv) and superposing on the results of (iii , ‘we have.

w 703)
l..la_t.eiwﬁ
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Ras \sclw
m:ﬂlNﬂ%.! = Jwleos2p. .., (D2)

These represent the accelerations due to two double forces at right angles, one
acting outwardly and the other inwardly. The B has the outward sensc on the’
radial direction near to that of the outward forces and inward sense in the direction
near to the inward n.o_‘nmm‘ and it vanishes in the middlé directions. The radial
component of the Bs has the same distribution. The distribution of the tangential
component has the tendency of rotation from the inward forces to the outward.
(Fig. 4.)

The magnitudes of the horizontal components are

[Bas| = es = 2 o |cos2g),
Frle=<
| 8al= B A b v Vo + m\.vﬂum_:u o+ f* w.
Aﬁb b

The ratio is
e

_tl_a. «@EW%S:?\. as
[Bul & w|cos2¢|
This ratio is minimum in the directions of the forces and becomes very large in
the middle directions between the two double forces.
The ratio of the vertical components is

“mh__uﬂ.. et beeieseneas eeraeeneenen oeriesereeneen(B4)
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: . * These results may also be deduced from tiii) of 83.
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In cylindrical coordinates, these are, in the plane z=f,
4\\\\ Aﬂ 'hlv ]

Rds a

4np art AN

Ma- =0

m-ﬂ =

. (vi) Putl=m=l=p=0m=yv=1in the equations (17 and (18), we have
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Superposing this on the results of (iv}, we have

. Ras
V;E = C

I?n.: a’rt " ,
Bay =0 N :1:3)
rr wlhv
R 7}
Sow = Bar =50=0, et PPN (1))

or,

. rre wlla.lv
Rds \‘ A a

47p aly

Bsl=0.

8a=

This result does not depend on the azimuth.  \With a suitable change of mmmnwy

it may represent the effects of forces acting equally in all directions simultaneously.

The distorsional wave is not produced in this case.

(vii) Put I=1, m=n=0and i=0, u=1,v=0 in the cquations {17) and (18},

we have

22 ¢ 'lﬁ.v
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* dmp adrt
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‘This represents the effect of two horizontal forees of the opposite senses, that s,
a couple acting on the two points on a horizontal straight line at right angle to the
forces. The moment of the couple has a clockwise scnse.  On the plane 2= f, we

have in cylindrical coordinates,

\.s?Aw‘.l Hlv
e = 20 2 _arsingoosy
' aw = _ﬁ..e adrt 2 ..................Z.Awﬂv
Bar =0
.\.\\\Ah Ihv v
4 .
Sow Hmwwm T Slwsingeosp
' e e enee e (58)
.\;\s\A. I.lo.lv . )
’ C b “-l.g L 3..:_....\_

4mp L

The §, is outward on the fore half to the Ilefthand side or on the back half
to the righthand side of one of the two forces. It is inward on the remaining
*..E.n. #. vanishes in the directions of the forces and those perpendicular to them. The
same holds good of the radial component of the 5.. The tangential component has
always the same sense as the moment of the nc:t.mw. It vanishes on the directions
of the forces. (Fig. 5.) '

The vertical components are

(B
m:."..ww“.l — Z L f@IBINPOORP, e (59)

.‘\\\Aﬁ ‘h-v

h .
\H_MMM T fTBINGEOBP. ..vivn . veernrennns (6)
. i :

The magnitudes of the horizontal components are

re

omj;

t
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|Bs| becomes zero on the radial directions parallel to the forces. The ratio is

'
r

st cn(61)

| Bul . @ V(& + 2/ a'sintp +.~&.

Bl #  w'|cosp]

- ‘This differs from that in the case of a single horizontal force only by the factor

Itis minimum in the directions of the forces and becomes great as we approach

the perpendicular dircctions.

The ratio of the vertical components is

. 3 . '
[ Bo: | @ . e (62)
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(viiiy, Put %i.m. for ¢ in (57), .m.mw.m_ (59), (60), we have
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Superposing this on the results of ?E.., we have -

Baw=Der =Bar =0, .covirerriiieenn . B T PN (3 1:)
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These are the results of two couples of the same sense whose forces are at right

angle to each other. They do not depend on the azimuth. With a
of factors they may vepresent the effects of a curling force at the
exists only a distorsional disturbance, and not a condensational.

(ix) Put I=m=9, na=1and A=1, u=r=90 in the equations (

have
“nr - Ielv
m = Bis bﬁ (42 -
" 4mp ot
\.\\\A& Illm.lv v
m.:\llu Rés — a wyz »
» 4zp - ar s :
* el g ll'.uv
Bue = h—w%lh, d A 2ozt
. T dmp alrt -7
and
rly T v N\
m llngh \.‘\ A h 2y
= 4ap Bt
\.:\An _r v
0 @
VS‘ =— @. P ryz
dxp Uiy
e T
_  Rss U vv g
R
T T /

Here is considered the disturbance due to the two vertical forces forming a

couple, whose moment is horizontal. The compotients of the accelerations in the

plane s=F, are, in cylindrical coordinates, ,

Rds .«,.EA l.nm.v

L

4np a*rt

-
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suitable change

17) and (18), we

aw === fo'oosp L e (65)
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The B, is outward omthe side of the upward force and inwhrd on the opposite
side. It vanishes in a straight line in the middle. The §, is also radial; but the
sense is opposite. It is inward on the side of the upward force and outward on the
other side. (Fig. 2.) The vertical om::.uczmsw are upward on the side of the upward
force and downward on the other side. .

The ratio of the horizontal components is

Bul_ 2 o
T R .7G9)

Both do not depend on the azimuth.
(x1 Put l=m=0, n=1, A=1, p=v=0, and ;' =1, »\W:fhno_ in the ‘equations
(21) and (22), we have
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These represent the accelerations produced by the four ré::_ vertical forces
acting on the four corners of a square, the two at the opposite corners being upward

and the other two downward.  On the platie 2=/, the components are given by

?&8@ e (1)
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Boo = 0. @wv, ﬁ v
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The §, is outward on the radial direction nearer to the directions of the diagonal
combining the upward forces and inward on the remaining radial direction. It
vanishes in the directions middle between the two diagonals. The same relation
holds good of §,, eﬂﬁ:.nrm exchange of the outward and inward senses. loth arc
radial. (I'ig 6.) lhe vertical components are upward where the horizontal component

of §, is outward, and they are downward where the latter is inward. The ratios are

A i

_MAL b o .

and
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Both are independent of the azimuth.

85 Comparisons of the Various Cases.

We will now compare the various cases which give a similar 9735:905 of Ban-

{a) In the cases (ii", (iii), (iv), and ,<: of n:c last scction, the §,,'s arc all
outward.  Tn (ii), iv), and *vi , their magnitudes are distributed symmetrically about
the point = -y =0, which is ¢picentre.  In (i), the magnitude changes from one
azimuth to another and is not symmetrical about the n?nm:qm,h it vanishes in two
certiin senses.  As to the §.'s there are differences.  In (if) and (iv), they arc radial
and symmetrical about the epicentre. But in the former it is inward and in the latter
it is outward. In fiiis, it is not radial in general and not symmctrical. Tts radial
component is mrﬁvz outward and its tangential component vanishes on four per- .
pendicular directions and changes its sense from onc quadrant to ‘the neighbouring.

In (vi), §..does not exist. The ratio “.W Lois also various. T . ii), _n is

throughout the surface. Tn (i, it is m_:p:o# on the direction of n:r foree "and

constant

becomes very great near the perpendicular direction.  In (iv), it becomes great as we
approach the epicentre.

(b) 1In the cases (i) and (ix), the §,;’s are different on the 9<o. parts of the surface
divided by a straight line through the epicentre. It is outward in the one sidc and
inward in the other side; and it vanishes in the very line. As for the distributions
of §,,. there is a large &mﬂn@m:&\. ;3. it is not radial in general.  Its radial
component has the same sense as §,,,. It is marked through its tangential component.
In (ix-, §,, is radial on all azimuths and has the opposite sense as Baw-  The ratio

_vww_‘ is also different. It is constant in (ix), but varies as the azimuth in (). (Figs.

L
I &2

(c) In the cases (v), (vii), and (x), b,, vanishes on the two perpendicular lines
through the epicentre ; they divide the whole surface in four quadrants, of which onc

of two opposite pairs contain the outward sense and the other two the inward, By

means of f,,, we can discriminate the three cases. In (v)'and (vii\, it is not radial in

general, but in (x), it is so all over. In the latter case the radial component of B is
always opposite to §,,, and in the former cases, it has the same sense. By distribu-
tion of the tangential components the former two cases can be discriminated. In

the case (vii), it has the same sense everywhere and it vanishes in the directions of
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the forces, that is, on one of the vanishing lines of mne.“ In the case (v), the whole
_ surface is divided into four quadrants, whose boundarics are the four directions of the
forces, that is, the two bisecting lines of the angles between the two vanishing lines
of Boq. the sense of the tangential component is reversed as we pass from one quadrant

to the next. The distribution of the ratio |Busl also gives the means of a&w«:::m:m

[Ba|

the nature of forces. In the case (v), it is minimum in the middle directions of the
adjacent two of the four directions, in which §,, changes its sense ; and it become

o e

very great near the latter four &_.nomoa.. In the case ‘vii), it is minimum on one
of two opposite v»:.w‘ of the four radius vectors in which §,, vanishes; and it
becomes very great as we approach to the: other pair perpendicular to those just
mentioned. In the case (x), it is constant all over and does not depend on the

azimuth. (Figs. 4. 5 & 6)

§6. Concluding Remarks.

In all the cases described above, the source was considered as a point or a

. number of consecutive points. This condition is not realized in the actual cases :
in the latter, the sources may have an ozﬁmsmmoz, of many kilometers. But, it is

not probable that the disturbance begins at once all over such an extensive region ;

the fact may be that, at first, it occurs at some point or in a small part of the exten-

sive source and then the disturbances are induced in the other parts. ‘Ihe abovc

results must be applied to the initial disturbance only ; or it may be applied to each

shock of the induced disturbances separatcly, if we can identify them on the seismo-

grams. The arrival of the first condensational disturbance is distinguished without

difficulty on the seismograms ; but that of the corresponding distorsional one is not easy

to identify, because it is possible that the following shocks of condensational nature

arrive before the beginning of the distorsional disturbances. In this case, it will be
very convenient if we can determine whether of the registered displacements corres-
ponds to the initial : and in such determinations, the ratio Bul above calculated will

[Basf

be of some service when the distribution of the first movements is already known. In
the determination of the position of seismic source, it is very important to take the
times of the arrival of the corresponding waves of condensation and distorsion ;
hitherto we have no means of such identification. As regards the induced
disturbances, the same must hold good, but the discrimination will be very difficult.
In connexion with this ?d!ni it will be very important to compare the details of
the seismograms of the same earthquake taken at different stations.
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