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The layered elastic medium

1.1 Generalized reflection and transmission matrices

The propagator matrix technique introduced in Chapter 3 and used in this chap-
ter provides an easily understandable technique for solving the wave propagation
problem. However when the vertical wavenumber, v, is real, the exponentially in-
creasing terms can lead to numerical problems. The reflection matrix technique of
Kennett and Kerry (1979) avoids increasing exponential terms and also provides
an insight as to the contribution of individual generalized rays. Chen (1993) in-
troduced a recursive technique that shares the numerical stability of the reflection
matrix technique, but which emphasizes computational efficiency. The following
reviews the development of Pei et al. (2008, 2009) which adapts Chen (1993) and
extends it to handle arbitrary boundary conditions at the top and bottom of the layer
stack.

The relation between the displacement stress vector B and the potential coeffi-
cient vector K is given by

B = EAK (1.1)

or

vz U
el 2

The notation e’* represents a scalar, or 1x1 matrix, e”* for the SH and fluid prob-
lems, or the 2x2 diagonal matrix with elements e”** and e"#* to represent P- and
SV-wavefields, respectively. If the problem to be solved is fully anisotropic, then
this would represent a 3x3 diagonal matrix. We will continue to use the e’* notation
in this development to emphasize the generality of the approach.

The useful insight of Chen (1993) and Pei et al. (2008, 2009) is to rewrite (1.2)
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Figure 1.1 Model of layered isotropic medium, showing depths to the interfaces,
the stress-displacement vectors at the interfaces, layer thicknesses and the medium
parameters within the layers. The source is in layer m at a depth z;.

for the region z; | <z < zjas
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Here the v; represents the vertical wavenumber for layer j. The result of introduc-
ing C means that it is not necessary to consider the wave delays through a layer
and reflection/transmission coeflicients as separate stages in the development. This
definition also has the advantage that the elements of the diagonal matrix preceding
the C’s are always bounded in magnitude by unity for z;_; < z < z; because of our
definition of the v;.

To extend this new notation to a layered medium, consider Figure 1.1. Further

(1.3)

suppose that the boundary conditions at the top, z = zg, and the bottom, z = zy_1,
have the form

F
Bo = H [O]
and
0
_ -1
ey

As noted previously, the introduction of the G and H matrices permits consider-
ation of halfspace, rigid or stress free boundary conditions. The determination of
the medium response requires consideration of responses to upward and downward
propagating signals.
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Figure 1.2 Model for development of the generalized R/T coefficients. The layer
thicknesses, velocities, densities and displacement-stress functions are indicated.

Bottom-up processing
We first consider the adjacent layers shown in Figure 1.2 and focus first on the
boundary conditions at z; which require continuity of B, e.g., B;(z;) = Bj;1(z)),
where the notation B ;(z) means the value of B in layer j at depth z using the C{]’ D
parameters. Using (1.3), we have

I o |[c evimdim g][Cit!
0 e V4 Cﬁ) 0 I Cg

To facilitate discussion, we focus on the response due to a downward propagat-
ing signal from the top of layer j onto the boundary at z;. There will be a reflec-
tion, a transmission, and also the effect of signals returned from deeper layers.
We further define C{] = ﬁéCé and CJ; b= TéC{). From these we also have
C{/“ = ﬁgngl = ﬁ{;lfgcg. The symbols Rp and T)p are called the gen-
eralized R/T coefficients, respectively, and represent reflection and transmission
responses in a simplified notation, but, unlike the R/T coefficients of Kennett and
Kerry (1979) cannot be used as the reflection and transmission coefficients of in-
dividual wavefield components at the boundary because they include the delays
associated with the v; terms.
After factoring the common C{) we have

L0 (R pop  [e 9 O] [RY'T),
0 evdil| T |77 " o 1| 1/

Defining € = E]‘.IE j+1, and partitioning € into square sub-matrices, e.g.,
En €
e | <2
€ &
we obtain the following recurrence relations:

A v A ] -1 _
TJD — (8216 v,+1d.,+1RJD+ + 822) e Vidi

A

: Lot B (1.5)
RJD = (8“6_‘/1 ]d-f+lel + 812) TJD
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The order of multiplication is important since the individual terms are 2x2 matrices
for the isotropic or transverse isotropic P-SV problems.

This now sets the formalism for computation. If we can specify, IA{ZDV‘l, then we
can compute T2 and R 2, and continue upward until we have T} and R},

At zy_1, the bottom of the layer N — 1’st layer, we have

0 I 0 RN vy I 0 RM-T vy
o cmaly [ ol e

from which

0= (anﬁg_l + alze_vN‘]dN‘])Cg_l
and thes we obtain ﬁg‘l = _31_11 ajpe"V-19v-1 The specific condition to use de-
pends on the problem.

Top - down processing ' ' '
An alternative treatment is to start at (1.4), but now define define Cg = ﬁg ! Cg !
J o _ gt el b _PJ ) — Pl it el
and C, =T, C;, . From these we also have C}, = R, C;, = R,/ T, C,/ . Start-
ing again with the continuity of B at z;, we have the following, after factoring the
common Cg " terms and using the IA{{; "and Tg "

L E [I 0 H T ] [e—v.f+'d.f+' 0” I ]
irl ] —vid: N A | = "j+1
It 0 e V4 R;JT{j 0 Il|Ry,

Defining ¥ = E-! E;, and partitioning into square submatrices, we have the fol-
J+17

lowing recursive relations:
N TR
WAL (3"11 + Fpe9R! ) e iridin
. O (1.7)
R+l _ —vidiRJ \ it
RU = (?21 + FrreVi JRU)TU

To initiate the recursion, The boundary condition at the top is now written in terms
of the Cy. At zp, the top of the layer stack,

F] . [e—vldl] : e—vldl :
of = m [y et o
from which we have

0= (bzle_vld] + b22ﬁb)Cb

which is satisfied by ﬁb = —bgzl by e™"1¢ . Thus a recursive scheme can also start
at the top boundary and progress downward in the layer stack.
Mixed solid-fluid medium

When the medium consists of a mixture of fluid and solid layers, the solution for
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P-SV wave propagation is more complicated. In the special case of the fluid layers
at the top or bottom of a stack of elastic layers, an approach involving a modifi-
cation of propagator matrices was introduced in §??. However the layer sequence
of alternating fluid and solid regions, such as a floating ice sheet, water and solid
earth, could not be handled. Chen and Chen (2002) extended the work of Chen
(1993) to address the problem of fluid layers overlying a stack of solid layers. This
section shows how this is accomplished using the notation of this section and also
extends the development to address the more general problem of intermixed fluid
and solid layers.

We will first consider a fluid layer overlying an elastic layer. Thus in Figure 1.2
let layer j be a fluid and j+ 1 be an elastic solid. To facilitate the discussion, we will
use the lower case symbols e, ¢, and ¢; when referring to the fluid (1.3) and the
upper case symbols E, Cy and Cp when referring to the underlying elastic layer.
Further Cy = [Cy.q4,Cy, B]T is a 2x1 matrix as is Cp. The boundary conditions at
z; are that U, and T, are continuous and that 7, = 0 in the solid. Expanding (1.4)
in detail gives

J _Vd'dj J
126 7c

_ i+l Ve djv1 ~j+] J+1 —vg.  djn ~j+1 Jj+1 ~j+1 Jj+1 ~j+1
=Ey e TGy By e NG, s+ By O+ By Chg

U, = e{lc{, +e

R R I B P |
T, =eycutene ey

_ it Ve djn ~j+] Jt1 _—vg.  djv1 ~j+1 Jj+1 ~j+1 Jj+1 ~j+1

=Ej e NG, Eyy e TC, s+ By Cp B3y Cp g
T,=0

_ i+l Ve, djv1 ~j+] J+1 —vg.  dj ~j+] Jj+1 ~j+1 Jj+1 ~j+1
=Ey e TG, tEy e Oy g+ By Cp By Cpg

(1.8)

This notation is general enough to use with transverse isotropic media.

The recursion relations (1.5) and (1.7) permitted the specification of Té and
ﬁ{) in terms of ﬁg ! for bottom-up processing and Tg " and l?({; "in terms of ﬁ{]
for top-down processing. For the fluid-solid boundary problem, a somewhat more
complicated relation is required to define the Ry, p and Ty p.

First write (1.8) in matrix form

J J )
€ ‘i20n 0 )
e € “va;dj| |
5 5 0 e " oy
_ . J+1
gl pitt il g€ Ve 4 0 0 0]|Cva (1.9)
21 22 23 24 0 adin o ol CitL
=g/t g2 EIY gD ¢ il
31 32 33 34 J
Ej+1 Ej+l Ej+1 Ej+1 0 0 10 CD,a
41 42 43 44 0 0 0 1 CJ+1

D.p
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For bottom-up recursion assume that ﬁg "is known. Define ci = f'écé, Cg b=
fficfi and (A?gl = ﬁglfi]cfi. Note that £; is a 1x1 matrix and f.d = [t4.a» td,B]T isa
2x1 matrix. Substituting and then factoring out the common cil gives:

Jj Jj ) j+1 Jj+1 Jj+1 Jj+17
‘i ‘R r Ezil Ezil Ezil Ezil
J J d — J J J J
€1 || vedi| T E3’h E3‘%1 E3'§rl Eail
J J J J
0 0 E41 E42 E43 E44-
—Va; dj+l i J+1 J+1 110
e i+l ()d 0 0 RD’%1 RD»}Z ; ( )
_V/B'l j+1 J+ J+ t
0 e it 00 RD’21 RD,22 C}Q
0 0 1 of| 1 0 |7,
0 0 0 1 0 1

Expanding and rearranging the terms yields

i —va.d; J+1 —va, djr1 pj+l J+1 —vg.  djr1 pj+l Jj+1
epe Y Eztlle L RD,}I + Ez,zle L RD%l + E231
eéze_ya'fdj = |Egy e IRy 4 B e IR + B
J+1 Ve, djv1 i+l J+1_—vg.. djs1 pj+] j+1
0 Ey e Ryt Eyy e TR 0+ Eyy (.11
Jtl Ve, djs1 pj+l J+l _—vg. djr1 pi+l Vi Jj '
By e TR, t By e TR, o By ey |1,

j+l —v,. ]dj+| J+1 j+1 —Vg; ]dj+| j+1 j+1 ] J
E3 e TR+ By e TRUTRY 0y + Exy el |!

J+1 —vg., djv1 pjt+l Jj+1 J
+E,, e "rTR +Ey, 0 r

Jt1 —va ., djv1 pitl
E. e it R D22

41 D,12

For top-down processing, assume that £/, is known. Defining the other constants
. J+1 oAl ~jHl G A T Al ] j+1 _ pitl ~j+l
in terms of C; ', ¢, = T, Cy, ', ¢, = e = 1, T, C s and Gy =R, Gy

Here &) is 1x1, R is 2x2 and T/ is 1x2.
Placing these into (1.9) gives

J J
€1 € 1
j

J A —
8(2)1 3(2)2 e—vnjder]l] [TU,Q/ TU,B:I-
Va; d'+
o e I Yaje Gl 0 0 off 1 0
2, Fn Eao By 0 “aadim 9 ol| O 1
Ej+1 Ej+1 Ej+1 Ej+1 e o o
ST TR P 0 0 1 0of|Rjy, Ry
e e e e oy R
41 L
0 0 0 1]lRy, Rymx

(1.12)
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Rearranging this leads to the equations

Jj+1 Jj+1
E2.1 E2.2 e Ve dj+1 0
_ EJ+1 E]+1 _
31 3_2 0 e_vﬁj+1dj+l =
E]+1 Ej+1
41 4 (L13)
j+1 Jj+1 j j o —vedii j J+1 J+1 :
Ez31 E241 —(ey; tepe n’d”ru) RU,lll RU,llz
J+ Tad N | J " Vaidjj.J J+ J+
E3.31 E3‘41 (821 +eyne Ty, RU,le RU’212
Jt J+ J+ J+
Ey Ey 0 The Tug

Note that the solution of (1.11) and (1.13) requires the inverse of a 3x3 matrix.
The beauty of (1.5) and (1.7) is that at most a 2x2 matrix inverse is required for
isotropic or transverse isotropic material. We could also have obtained the desired
TU, p and IA{U, p for the solid-solid problem through an expression similar to (1.11)
or (1.13), but then would have had to obtain the inverse of a 4x4 matrix for the
isotropic or transverse isotropic medium.

One must also consider the case for which layer j is elastic and j + 1 is a fluid.
The conditions at z; are

_ A J i J Ve dj ~J J vedi i
Uz—E21CU,a+E22CU,5+E23e j CD’a+Ez4e J CD’ﬁ

ej+le_yaf+1dj+lci+l+ j+1 g+l

=€ €12 Ca
_ 5l J i J Va:dj~j J ,veidi
TZ—E31CU,Q+E32CU,B+E336 J CD’Q+E34e J CD’ﬁ (1.14)
_ Al —ve digg ] j+1 1 ’
= 821 e Jt Cy + 822 Cd
_ 5l J J Ve, dj ~J J ,veidi
Ty = EyCy o+ EnCypt Ege 7Ch  + Eye 70 4
=0
This can be rewritten as
J
g e, e, et Y 0 ||Cue
20 P2 Pz Faflg 1 0 0 |[|c)
E] E] E] E] Uaﬁ
31 B F33 Fullg o oVl 0 |l
E] E] E] E] vod D,a
41 Fa Faz Fy 84 ||
0 0 0 e CD,,B (1.15)
j+1 j+1
e e —v,. d; i+1
_ e et o]len
T 0 1]t
0 0 d

o L b _Ppicd T _Fi
For bqttlom-up processing ;" is known and we define C, = R;,C;), ¢, =T, C,
J+

and ¢, = f'é“’i‘écg. Here Té is 1x2, ﬁ{) is 2x2 and f'i;rl is 1x1. After factoring
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out the common Cﬁ), we have

J J J J , JHL L
By Ep Eyp Ey R/ €1 € [ Yapa i pit g
E B E. E D | = ej+1 Jt+1 d D (1.16)
31 T30 733 || g vayd; 21 22 T :
J J J J D
By Eyn Epn Ey 0 0
Expanding this gives
j j 1 d 1 1 '
Ej, E}, —(e'e V%Idﬁl e Ré)u Rﬁ) 12
J J ]+1 - ! ]+1 J+1 J J
Ey By (e e + ey )| [Rpar Rpa
J J J J

Ej eV d; E£46_Vﬂj d;

— _ EJ —Va; dj EJ e_yﬁjdj
34

Ej —Va; d; E£4e_vﬂjdj

For top-down processing, we start with (1.15), ﬁj is known and we define the
constants in terms of ¢/ as C, = (TARTUAR C] = RJ C] = RJ /e and

j+1 ~Aj+1 j+1 Ajt+1 . Ao +1 .
cfi =t/ ¢, Here £ is 1x1, R{] is 2x2 and t,"" is 1x2. From these we obtain

. . T 1 0
j j j j ;
By Ey Ey Ey 0 1 '
J ¥ ¥ j Y
B3 B3 By Byl vedigi odipd ||
E] E] E] E] —va.d; 5]11 —vg.d; 5112 u“p
4 a2 Faz Paall, 74 'Ry, Bj fRU22 (1.18)
j+1 J+17
e}il e}%l ¢ e dint
21 0 Fitl
0 o |t u

for the layer j fluid and layer j + 1 solid.
The system of equations to be solved are

j+l —ve. din J J _Vn i pJ J Vﬁ i pJ
e @i E21 + E2 RUll + E2 J RU21
J+1 Va dj+l — J J Vn i pJ J Vﬁ i pJ
ey e U =Byt Eyze VR + Eye Ry,
0 Ej +EL e Rl |+ Ef R
Ul v21 (1.19)
J J VC! J J J V/f J J _ J+1 J+l )
Ey + Ejpe RU12+E2 TRy 5 6121 tual
J T Vad; o i ~vedipi |
B3, + Exze VR, + Eye TRy, B
Ey +Eje Va’d]R?le + Eye ]R?J22 i

For a medium with mixed fluid and solid properties, the logic for top-down pro-
cessing is as follows after identifying each layer as a fluid or solid. For simplicity,
we no longer distinguish between the upper and lower case matrices. First define
the IA{%] which depends on the boundary condition at zy. Next examine the boundary
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at z;. If the medium type is the same on both sides, then use (1.7) to define the T%j
and ﬁ%]. If the boundary separates a fluid from a solid, then use (1.12) or (1.19)
to get T%] and ﬁ%]. After this examine the boundary at z,, and select the method
to get T%J and R%]. For bottom-up processing, the boundary conditions are used to
define RY™!, and then one examines the nature of the boundary at zy_» to select
the technique for computing T~! and RY~!. After this then consider the nature at
the next boundary above.
Boundary conditions

The G and H matrices for the boundary conditions of free surface, rigid surface

and halfspace are given in Table 1.1

Table 1.1 Boundary conditions
Matrix  Free Rigid  Halfspace

wob e

s PR oW

Of these matrices the Ez_vl will have problems when the v function is zero. This
arises in part because the solution given in (1.2) is not correct for this case since the
concept of upward and downward propagating or attenuating solutions in a region
no longer holds. As a temporary expedient, one can let v be a small number. Of
course, if the medium velocities are complex because of anelastic attenuation or if
the frequency is complex to avoid singularities on the real wavenumber axis, this
problem should not arise.

Trapped modes

For the surface-wave or trapped-mode problems, one searches for the particular
combination of frequency and phase velocity that satisfies the boundary conditions
at the top and bottom of the layer stack. The bottom-up determination of Ri) uses
the boundary condition at the bottom, while the top-down determination of ﬁ{]
starts with the boundary condition at the surface. Recalling the definitions relating
the C’s in layer j to the generalized reflection coefficients, we must have

J — R J — R/
C, =R,C), and Cp, =Ry Cy,
and which are satisfied by either

I-RJR/)C;, =0 or (I-R/R/)C, =0

for generality we no long
distinguish between ¢ and C
orrandRortand T

does this work for the
Rayleigh wave halfspace?
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The trapped mode problem is now the solution of
N/ N\ — R/ R —
detI-R Rp) =0 or detd-R R;)=0 (1.20)

Note that the determinant is a complex quantity and thus one must search for the
(w, ¢) that makes the determinant zero.

There are several advantages in applying the bottom-up and top-down approaches
together. For trapped-mode problems which have a low velocity zone within the
model, this approach will provide the correct eigenfunction shapes which may in-
volve oscillatory motion within the low velocity zone and exponentially decaying
solutions away from this zone. If the eigenfunctions are used to make synthetics,
the layer index j should be chosen such that the source is in that layer. Appendix
2 provides a simple example of the sequence of operations required to obtain the
eigenfunctions.

Embedded source

To address the wave propagation problem with a source, it is easiest to modify
the model by splitting a source layer so that the source occurs at a layer boundary of
the new working model. For the discussion here, we assume that the region above
and below the source have layer thicknesses, d, and vertical wavenumber v with —
and + subscripts, respectively. The effect of the source can be described as either a
step in the displacement - stress vector or in the potential coefficients:

U
a2l

or

AK =E'AB = [ZU]
- =|sp

To relate the potential coefficients K(z;) and K(z}) to the C’s above and below the

source, we use
KYG] 10 ([T,
K= [K%;)] - [0 e—”’-] [ﬁa] v

o KU(Z;- _ e—v+d+ 0 R+ .
i O I

Combining we obtain

Cy=>-e"*Rpe” "Ry~ (e *RpzP - £Y)
and

Cj=d-e""Rye” R} E” - e RyzY)

For wave propagation above the source, the C, is obtained from the C,

y using the
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relation C, = l?(l‘/Cl‘/. Given these, the B(z) is given by (1.3). The corresponding
values for layers above the source are obtained using the Ty and Ry computed
from the top-down recursion. Below the source we use Cj, = ﬁBCB. Although
similar to the derivation in Kennett and Kerry (1979), this expression is seemingly
more complicated in appearance because of the need to recast the solution in terms
of the C’s.

To highlight the computation of the response for a source in a layer, a simple
case is discussed in Appendix 2

1.1

Exercises

After some manipulation, it can be show that these equations can be rear-
ranged into the following form:

j+1 j+1 i Vo, ,d; j+1
P O
i+1 | j —vg,.,d; j+1
~Ej] -E}, e, 0 e Pim G 0 C{/,e
7+l i1 —vy.d; i
e e ol o |
) (1.21)
j+1 L Jj+1
Ezil Ezil “n CDAJ?
— | J _ J
NEE T
J J J
E43 E44 0 Cu
To generalize these equations, define
J+l _ Jj Jj+1 _ pj+l Jj+1 _ pj+l
Cpo = 134 Cpo=Ry1Cua Cpo=RynCup
J+l _ j Jj+l1 _ pj+l Jj+1 _ pj+l
CDﬁ = tdﬁcd CDﬁ = lecu,d CDﬁ = RU’22CUﬁ (1.22)
Jo_ i J_ pitl J_ pitl
Cu = TyCy cy = TU’QCU,Q cy = TU,ﬁCUﬁ

and then insert into the previous equation to obtain

il pj+l j —Va i, dj+1
EZJlrl Ez_%r1 eplle Od 0
_ _ J VB 4j+1
P e |
-ET —EJ 0 0 0 e i
41 2 123
gl pitl i 1R gt J (1.23)
23 2 —¢ ull vz lae
i+1 'il b Jj+1 Jj+1 J
I J J
= E3,31 E3'41 —€ RU,211 Ru,zlz lip
Jt Jt J+ J+ J
By Ey 0 Tyoe Tyg T4

This is essentially equation (16) of Chen and Chen (2002). The advantage of
this formulation is that one obtains Rg L Tg L r/, and t/, in just one operation,
but these modified reflection/transmission coefficients are not the generalized
reflection/transmission coefficients used in §1.1.
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Generalized reflection matrices

To better understand the steps to implement the generalized reflection/transmission
technique of §1.1, the derivation of the solution for the trapped-mode eigenfunction
problem and the embedded source problem are presented in detail for a simple
problem.

We revisit the problem of a single fluid layer with a free surface overlying a fluid
halfspace that was the focus of Chapter ??. After defining all needed quantities,
they will be combined to form the trapped mode solution of §?? and the point
source problem of (??). Figure 2.1 shows the model.

For the problem of a wave propagation in a fluid, we have

% -V _ 1 pw’  —v
A R i
LW LW 2p0vw LW v

The source is that used in §2?
| 2r/v| g
o= |||

To apply the boundary conditions at the z = H we need the matrices El‘lEz and

z 4=0 B(0)
z oy P

z,72 B(z)
h-z aq P

z ,=h B(h)
H-h a, [

z 3=H B(H)
o, P2

Figure 2.1 Fluid model for testing generalized reflection/transmission matrix
technique. The layer is of thickness H, The source is at a depth of /& and the
response is to be determined at Z < h.



August 9, 2019 Generalized reflection matrices 13
E;'E,

E1‘1E2: 1 [P2V1+P1V szl—mvz]
2p1vy |p2vi —p1v p2vi +p1va

and

E—lEl _ 1 [P1V2+P2V1 prZ_PZVl]
2 2002 |p1vi = pavi p1va + pavi

The initial step is to compute the T, and Ry, by starting at the bottom and mov-
ing upward, and also the Ty and Ry by starting at the top and moving down. These
are presented in Table 2.1.

Trapped modes

We immediately see that (1.10) is true, and that the condition for the existence

of trapped models is
5/ DJ ]__P e—lle

I-RIR) =1+

= 2.1
DU 1+P 0 @D

where we use P = p;v?/p,v! as in Chapter ??. The zeros of this function are the
same as the poles of (??). After determining the (c, f) pair that satisfies this equa-
tion, the next step it to compute the eigenfunction B as a function of depth. This is
done by first defining the C’ and C] for each layer, and then using (1.3). Since the
solution of the trapped mode elgenfunctlon problem is invariant to multiplying the
eigenfunctions by the same scale, we will start at the top of the layer stack with an
arbitrary value for C }):

Cp=1

1-P I
1 1 ~1 —VQH-Z
CU—RDCD—(1 P) e ¢ ).

Now use these with (1.3) for j=1andz=0.For j=1,z; 1 =0and z; = Z. Thus
[U] _ [E“e—wlch + Elzch]
z=0

T| ,  |Exne?C| +ExnCj,
_ (2.2)
~ V](%_'_P)e 2viH —
—p1w (Li) -2viH —p1w2

Recall that the boundary condition at z = 0 was that of a free surface. Assuming
that the (c, f) pair satisfies both boundary conditions, then C }/ = —1. and thus

U —2V1
ERES o
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Now move to the next interface.
2 _ ol 1 _ —WwnZ
C,=T,Cp=¢"

1-P
C2 — R2Dc2 — (1 " ) e—V1(2H—h)

~

from which

[U] [Ej e ®2C% + Elzcg]
T 7 »Ezle_vl(h_Z)Cé + E22C%)

[ 1=P\ ,-vi(2H-Z) _ -nZ
Vi ( =P )e vie
viZ

»—plwz( };g)e—vle—z

_[-2vicoshviZ
»2p1a)2 sinhv{Z

5 2.4)
—prw-e

with the last being valid if the (c, f) pair satisfies the boundary conditions.

If continued, this processing sequence would permit the determination of B(H).
There are two ways to obtain B(H). The first is to evaluate (??) at the bottom of
layer 3. First define

C) =THCp ="

I-P
3 303 —vi(H
CU:RDCD:(1+P) e"‘()

in which case the relation would be

[U] _ [E]]C% + E12€_V1(H_h)C3D] (2.5)
T —H Ey C% + Ezge_yl(H_h)C%
| —2vicoshviH
h [—2p1w2 sinh le] (2.6)
2.7

The other method would be to extend the model by adding one more layer with
the parameters of the halfspace. The advantage of this is that the same procedure
is used to determine the stress-displacement at the top of each layer.

The selected value of C}) was arbitrary. It is often convenient to normalize the
B’s such that U,(0) = 1. If we use the propagator matrices of (??), we can write

],

As noted in Chapter ??, the eigenfunctions are required at the source and receiver
depths in order to make synthetics by model superposition. To compute the group

U _ cosh vz
T| _,.u ~ |-p1w? sinhviz/viz
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Table 2.1 Generalized reflection and transmission coefficients

Bottom-up

Top-Down

N3
l{D

a-= El_lEz
3
TD not used

— pvizpive eV (H-h)
pP2V1HP1V2

T2 = g h-2)

ﬁZ — pY1I=pive e—v|(2H—h—Z)

D p2vitp1V2
E=1
™~ _ -vZ
T,=e
Rl = en=p1v2 ,—vi(2H-2)
D T pavi+piva

b=1

1
TU not used

3 _ 2y (H-h)
T, =e

3 _ _-vi(H+h)
R}, = —e™

velocity or partial derivatives of the phase velocity, integrals of the eigenfunctions
are required.A stable way of evaluating the required integrals was discussed in §2?

in the context of the propagator matrices.
Assuming that the model consists of layers with constant density and velocity,
the variational techniques require the evaluation of integrals of the form

dU 2 dUu

2

fUZdz f(d_z) dz fU(d_z)dZ
Upper halfspace z < 0:

0

f U2dz = (Ex) (KUY 2v,
dU '\

fﬂ (d_z) dz = vy(En)T,(Kg)? /2v0

In this expression, the K(I)J is obtained from the definition [KY, Kg’ 17 = E, 'B(0).



chek this nus

mention that in
this scalar case the
exponentials could
be combined, but
for P-SV the
actual order is
important since
the terms will then
all be 2x2 matrices
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Lower halfspace: z > zy-1:
[ vaz= @b
IN-1

2

< (dU

f (—) dz = vi(En)3, (KN [2vy
IN-1 dZ

In this expression, the K ,e is obtained from the definition [KY, K ,e = E;,l B(zn-1).
Layers: zj1 <z<z;

2 j )
f U2dz = (Ej)%lcf/ [1 _ e—2Vfdf]/2vj
Zj-1

+ 2E)11(E)nCy Chdie™ ™
+ (N (Ch P [1 - e147)2,,

. 2
7 (dU a2 i ~2v;d;
j;l (d—z) dz = (Ej)},Cf, |1 - e v;/2
- 2(Ej)11(Ej)uC{]Cédje_dejV?
+ (N (ChP[1 - ey, /2

We see that casting of the problem in terms of the Cyy and Cp permits a simple,
stable determination of the integrals required for determination of the Lagrangian
for a trapped mode problem. These same integrals are used for the determination of
the group velocity and phase velocity partials with respect to medium parameters.

Embedded source

First consider the displacement above the source. For this model, the source is at
the boundary between layers 2 and 3, which is at a depth 4 in the model. Just above
the source we have

Cy=C3= [1 _ e—vl(H—h)R%e—vl(h—Z)R%]:I [e—v](H—h)R3D sD _ ZU]
2 (1= P)eCH2D 4 (14 P)
v (1=PeH 4 (1+P)

and
4 =R = —e D,

Now placing these into the expression for the displacement and stress at the top of
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the layer 2, will give the solution for Z < h:

Ul _| » —vi |[e@®2 0 cs,
T.|  |-pie? p1o?|| 0 1||-emt+Dc?,

2vie"" cosh(v, Z) 2
|—2p1w%e ™" sinh(v,Z)| Y
[ 2vicosh(viZ) |2rcoshvi(H —h) + Psinhv,(H — h)
|—2p1w? sinh(v12) | v, coshv;H + Psinhv;H

The T, is the same as the t of §2?.
To obtain the solution at the top of layer 1, we use

1 ) 1 1 A1
Cy=TyCy Cp=RyCy
from which
U, _ [ v v |[e™? 0 e‘V‘(h_Z)C%]
T, _—p1w2 p1?|| 0 1 —e_‘”(h)C%]
[ 2y e7"1h 2
_[2vi] 27 coshvi(H — h) + Psinhv{(H — h)
B RZ coshviH + PsinhviH

Although this could also have been obtained by setting z = Z in the previous
solution, this example illustrates the stops to obtain the solution in the region above
the source for multi-layered media.

Below the source we must use the C7,.

CB — C3D — [] _ e—vl(h—Z)l"{%]e—w(H—h)l"{%] [ED _ e—vl(H—h)R%] ZU]

2w | —e2h
=(1+P)=
vi (1 = P)e21H 4 (1 + P)
and
1-P
3 3 3 —vi(H-h) ~3
CU:RDCD:me Vi )CD

The solution at the top of layer 3, just beneath the source, is

S I —vi |[e =D 0] [ FEe D c?
Ty P’ prw? 0 1 1 D

_ vi(Pcoshv{(H — h) + sinh v{(H — h)) 2_7r sinhvih
" |p1w*(Pcoshvi(H — h) + sinhv{(H — h))| v; coshv,H + Psinhv;H
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while the solution at the base of layer 3, e.g., z = H, is

U, _ \4 -V 1 0 %e—vl(H—h) C3
T.|, |-m0* pa?[|0 e *h 1 D
_ | 2Pn ] 2r sinhv;h

T [2p1w2 Vi cosh viH + Psinh v H

If the model had consisted of more layers beneath the source, then given C?) and
TL3), one would compute

Cch=T3C3 C{ = RCH
with (1.3).
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