Introduction to Earthquak e Seismology

Assignment 8

Department of Earth and Atmospheric Sciences EASA-462
Instructor: Robert B. Herrmann Office Hours: By appointment
Office: O’Neil Hall 203 Email: rboh@eas.slu.edu

Tel: 314 977 3120

Distances on the Earth

Goals:

»  Corvert geographic coordinates to geocentric coordinates to compute epicentral distances
» Determine differences between computed distances.

Background:

Assignment 7 introduced the computation of epicentral distances, epicenter-to-station azimuth
and station-to-epicenter back azimuth for a spherical model of the Harédse formulas will

give incorrect distances for the Earth because ofdbethat a polar cross-section of the earth is

an ellipse, rather than a circle. Figure 1 illustrates the problem. The geocentric lgjtude,
defined is the angle between the line connecting the center of the earth to a point oadke surf
and the equatorial plandhe geographior geodetic latitudey,, is defined as the angle that the
normal to the surface makes with respect to the equatorial plane. At the equator and the poles,
these tw angles are the same, Wever the surlce distance for a unit change in geocentric lati-
tude is not the same because of the curvature of the surface.

To understand this problem, we will selgome problems in geodesy.
The equation of the spheroid representing the Earth is
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where thex-axis connects the center of the Earth to the latitude-longitude point (0,0) on-the sur
face, they-axis connects the center of the Earth to the latitude-longitude point (0,90) on-the sur
face and thez-axis connects the center of the Earth to the north pole (90i@).polar radiush,
and the equatorial radiua, are used to define the flattening of the spherbid,1 - b/a.

To dbtain the relation between the geocentric and geographic latitudes, considatitat v
slice through the origin along= 0. The resulting ellipse is swa in Figure 1 and is gen by the
equation k/a)? +(z/b)? =1. For a pointP on this ellipse with coordinates,(z), we hae

tang, = z/x.

To get the geographic latitude, we recall that the slope of the tangent line at a plaidikiand
that the slope of the normal line at the same poindxédz We thus hae

_ dx_za*_ a?
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Fig. 1. Cross-sections through the poles and the center of ellipsoid and circumscribing sphere. A the gegcentric,
and geodeticyy, are indicated.

If we define 62 - b%) /a?=¢?=2f - {2, thenb?/a?=1- ¢, and
tang, =(1 - £%) tang, (1)

The object is to determine the azimuth, back-azimuth, arc distance and distance in kilome-
ters between an epicentgiven by the coordinateépg, 1), and station, gen by (¢, A)s, respec-
tively. We first corvert from geographic to geocentric coordinates using (B.wWW also com-
pute thesinand cos of the angles because we need them and becausamwélyto be compu-
tationally valid, @en in the casep= 71/2:

. 1-¢?)sin
Sing, = ___(___) _iag___
V(@ - e)?sir? g, + cos g,)
oSy
cosgp=————— 3

which is constructed to satisfy both (1) and the identitygir coS ¢, =1.

Given the ¢, and theA of the epicenter and station, we compute the direction cosines to
define the unit vectors from the center of the spheroid to thedimts on the surface as

E =C0SA COS@,l +SINAo COS@,) +SiN@K =(ae, Ber Ve)

S=C0SA4COS@gl +SiNAgCOSws) +Singk =(ag, Bs, Vs)

where the additional subscriptrepresenting geocentric latitude is dropped for simplidibe
alternate notation of representing a vector by a matrix is also showrn3£-g.5in A, COS@,) .
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The great circle ard) and theAz and Bazare computed as in Assignment 7. Note that the
geocentric latitude seems to be used by seismologists and not geodesists.

The most difficult quantity to compute is the linear distance along thacsuoh the short-
est distance cuevaoonnectinge andS. To do &, we first define the normal to the plane define by
the pointsE , SandO, ExS:

. BeVs = BsVe Vel's = Vsl T s — B PR
y= o \PeVs ™ PeleVeds ™ VsGe defs~ Bedd) (1 0y

This plane intersects the ellipsoid as an ellipse (no proof for this assertion) which will be defined
by the the coordinatgs(, y'). [Note: to aoid a numerical problem whek and S are on the
equator if any unit vector element is 107, it can be repalced B0 which means introducting

a dight error in the results]. ®define the horizontal axis as

X' = (yZI! _yl" 0)
VI +(y2))

E(Xl" X2'1 X3')
and

2 = CYLYS, ~Y2'Ys, W +Y2'Y2) (@' 2. 25)

You will note that the vectors, y' andz are unit vectors.
The ellipse created by the intersection of the plane and ellipsoid is defined by the equation
X0, 7o
(B0 [0
where X' is a linear distance in the directiohh and similarly fory. Because we consider a
spheroid, the width of this ellipse in tRe(horizontal) direction is the equatorial diameter of the
spheroid. Hence
a=p.
However the length of this ellipse in the direction depends upon the orientation of the plane
defined byE, SandO. If E andS are on the equatothen the intersection of the plane with the
spheroid gies a arcle, and hence thg =a. On the other hand, iE is on the equatpend O is at

the pole, then the intersection is an ellipse Wwithb. Snce the poin{b'Z4, b'Z,, b'Z3) must be
on the ellipsoid, we must ha

1
Y N
Oall Dal Ob0O
Now that we hae defined the ellipse, we must define the positiok @hdS on the ellipse. This

is done by a simpleector dot product that defines the direction of the point with respect to the
ellipse coordinate system:

E'=(EX,E @)

1

b=

S =(SX,SX)
Since we kna the ellipse, we do are only interested in the angles with respectxodkis:
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6 = atar2(E )/, (E [X)/a)

0<= atar2((S[F)/b, (SX)/a)

where we use the ellipse equatida' cosé andZ =b' sing. [Note: for exactness the E’ ceor
dinate should be scaled by a scalar multiplier reflecting the true O-E distance in FigieterHo
this scalar drops out when we form the ratio to get therse tangent.]

To get the linear distance along the surface vatuate the integral

[pIZﬁ e o
1+ o dx= J’V(a’25|n79+b’2co§9)d6 a J‘ T=¢2cog6do 2)

In evaluating (2) it will be necessary to examine theandés to ensure that the irgeation
in in the direction of increasingand that the integration ive the minor arc.

Computational Concerns

For a pherical and spheroidal model there are a number of inconsistermiexample. at
the poles what is meant by azimuth and back azimiath.a pheroidal model with both station
and epicenter on the equator and 180° apart in longitudd8C. For a sphere azimuth can be
ary value and the back-azimuth depends on the chosen azinouth.dpheroid representing the
Earth, the shortest distance between thepwints is across the poles and not along the equator.

Consideration of these special case esathe computer code complex. An alteneafor
seismology on the Earth, is just to wiggle the coordinates slighgly replace a latitude of 90°
by 89.9999°, a difference in position of roughly 10 meters. If both are on the eghataye the
latitudes by 0.0001°.

The Earth
We wse the following constants:
6378.137 km
6356.752 km

0.003352810664747481 = 1/298.257223563
0.006694379990141317

@,—+ T D

What you must do:

This problem set is identical to that of Assignment 7. Except that you aréongse the
geocentric latitude rather than the geodetic latitude. Note: you do vetchevaluate (2) to get
the linear distance along the surface.

ge, = 40 de=0 g5, =50 2=10

@, —_ @s, —
A(deg = Az(deg = Bazdeg =
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%e, =60 Ae=0 @s, =70 As=10
Pe, = @s, =

ANdeg=__ Az(deg=__ Bazdeg =

goeg:O Ae =30 (psg=60 As =60
@, —_ s, —

Ndeg=__ Az(deg = BazZdeg=__

What you must submit:
Compare the values a&f with and without the correction to geocentric distances.
References

Bomford, G. (1980)Geodesy4th ed),Clarendon Press, Oxford (82.15(b), p 120-1&ipendix
A reviews spherical trigonometry and the ellipsoid. 82.15 examines the determination of the
mutual distances and azimuths of two points defined by their latitude and londitude
§2.14(c) the Rudoe technique ma@cterized as computing the "axes and eccentricity of the
ellipse in whiti the normal section cuts the spheriod.” | have not directly compared my
derivation with the Rudoe formula.



